3.4 The Chain Rule

In this section you will learn how to differentiate more difficult functions using the Chain Rule. For

example, the function F(x) = Va2 + x + 1. With the rules we have so far, we cannot differentiate this
function.

Notice that the function F(x) is a composite function. If we let y = f{u) =/u where u =g(x) = x> + x + 1,
Then we can write y = F(x) = f(g(x)). But we still don’t have a rule for how to differentiate composite
functions. For this function we need the following new rule.

The Chain Rule: If gis differentiable at xand £ is differentiable at g(x), then the composite function F =
f o g defined by F(x) = f(g(x)) is differentiatlbe at x and F’is given by the product:

FE)=fEx) g®
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In Leibniz notation, if y = f(u) and u = g(x) are both differentiable functions, then d—i’ = ﬁ . d_z

Example: Find F/(x) if F(x) =VxZ + x + 1.

Notice that F(x) = (fo g)(x) = f{g(x)) where flu) =Yu and g(x) = x* + x + 1

3

1 2
Since f'(u)=§u1_§ =-u3s = g and gx)=2x+1,

we get F'(x) =F(gx)) -gx) = (2 +x+1)2-(2x+ 1)

(An easier way to visualize this is to think of taking the derivative of the “outer” function times the
derivative of the “inner” function. )

Example: Differentiate y = cos (g) The outer function is the cosine function and the inner function is g
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y =—sin (x) ( xz)
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y =gsin(})
The Power Rule combined with the Chain Rule: If 7is any real number and u = g(x) is differentiable, then

Tu=nwr oy o Zg@It=nlg@I" ! g'(x)



Example: Differentiate

3
a) y=(x?>+2x)> b)y= (—Cos(x)) ) y=((x?+2x)°-(1-2x)* d) y=eScGD

1-2x
e) y = sin(sec(tan(x)))
Solutions:

a) y' =52+ 2x)*(2x + 2) = (10x + 10)(x? + 2x)*

o cos(x) 2 ] (1-2x)(=sin(x))—(cos(x)(=2)\ _ 3(cos?(x))[- sin(x)+2xsin(x)+2cos(x)]
b) y = 3 ( 1—2x) ( (1-2x)2 ) o (1-2x)*

Ay = (x%+2x)°(4(1 - 2x)3(=2)) + (1 — 2x)*(5(x% + 2x)*(2x + 2)
y' = —8(x% +2x)°(1 — 2x)3 + (10x + 10)(1 — 2x)*(x? + 2x)*

d) y' = e%¢G% . sec(3x) tan(3x) - 3 y’ = 3 sec(3x) tan(3x)e>ecG

e) y' = cos(sec(tan(x)) - sec(tan(x)) tan(tan(x)) (sec?(x)

PRACTICE MANY MORE OF THESE PROBLEMS!



